By considering the behavior of the reduced action under the scaling transformation, we present a unified derivation of the Smarr-like relation for asymptotically anti-de-Sitter planar black holes.
Introduction
The anti-de Sitter/condensed matter theory(AdS/CMT) correspondence becomes an interesting and actively developing subject after its introduction, which is realized as a concrete application of the AdS/CFT correspondence [1] . See [2, 3, 4, 5] for reviews on the AdS/CMT correspondence. Through the correspondence, there have been many interesting studies on phenomena in condensed matter theory, specifically such as DC/AC conductivities for lattice models and models with momentum relaxation, metal insulator transitions, Hall angle, Nernst signal, incoherent metal transition and so on. See [6, 7, 8, 9, 10, 11, 12, 13] and their related works.
Basically, this new approach to the strong coupling behavior of field theory systems goes beyond our perturbative understanding of the conventional field theory approach and so provides us a new perspective to the understanding of strong coupling physics, at least qualitatively.
One of the advantages in this approach is that the hidden universality in the condensed matter system may be revealed in a rather simple way. According to the AdS/CFT correspondence, the universal information on the classical bulk gravity implies such a universality in the dual quantum field theory system. For instance, the field theory systems, apparently disparate from each other, would have a universal thermodynamic behavior since the dual black hole thermodynamics has been known to be universal, irrespectively of the types of black holes or the gravity Lagrangian.
In the context of the AdS/CMT correspondence, it would be very interesting to understand the universal behaviors of various holographic models. One of such universal features is, of course, the first law of black hole thermodynamics, which has already been explored extensively in various cases. Recently, the Smarr relation or its extension are emphasized as a kind of universal property of planar black holes [14, 15] . This universal property in its simplest context comes from the generic existence of the scaling invariance in the reduced action of the model with some spherical/planar symmetry [16, 14] . In this case, the charge associated with the scaling invariance can be connected with the entropy at the horizon and the mass and the charge at the asymptotic infinity and thus could be used to establish the Smarr relation. Even more striking case is the one which lacks the spherical/planar symmetry, and thus whose reduced action does not have the scaling invariance. It has been found in [15] that, even in those cases, one can still consider the scaling transformation on the reduced action and extract the Smarr-like relation.
In this case, the associated charge-like quantity coined as the charge function, from the scaling transformation in the reduced action can, still, be related to the entropy at the horizon and the mass at the infinity. We would like to emphasize that our methods utilizing the behavior of the reduced action under the scaling transformation are rather generic, not specific to the models considered in the main text, and could be extended to more general cases.
Unlike the original Smarr relation in the asymptotically flat spacertime, which was derived by a dimensional analysis on physical quantities of black holes [17] , the existence of cosmolog-ical constant defies such a derivation. This disparity was explicitly stated in Ref. [18] as "the failure of the Smarr-Gibbs-Duhem relation in the presence of the cosmological constant". Furthermore, the divergence in the asymptotic AdS spacetime requires careful treatment which is now well-established as the holographic renormalization procedure. Because of this difference, the quantum statistical relation rather than the Smarr-Gibbs-Duhem relation is focused on in the asymptotically AdS black holes [18, 19] .
On the other hand, it has been known that one can obtain the Smarr(-like) relation for Banados-Teitelboim-Zanelli black holes [20] and specific asymptotically AdS planar black holes [3] .
In this paper, we provide a generic derivation of the Smarr-like relation for the asymptotically AdS planar black holes, purely in the bulk gravity context. In the context of the AdS/CMT correspondence, the bulk Smarr-like relation for the planar black holes should be matched with the thermodynamic relation for boundary system. This match would be the basic check point for a consistent AdS/CMT model construction. For instance, see [21, 22, 23] for such a task in some holographic models and see also [24] for some attempts to understand the Smarr-like relation from another view point.
The organization and summary of the paper are as follows. In section 2, we derive Smarr-like relations by using a scaling transformation in a unified way, which includes various examples obtained, case by case, through other methods. We introduce a specific function coined as the charge function to present our Smarr-like relation. Then, we propose our Smarr-like relation combined with the background subtraction method as an efficient formula to calculate the finite renormalized on-shell action. In particular, this may be very useful when the analytic solution of the given model is not available. In section 3, we consider various holographic models in four dimensions and check that our general formula is consistent with known results. It turns out that the counter term structure of the holographic renormalization is veiled in the divergences of the charge function in our procedure. However, it does not affect our Smarr-like relations, since the divergences should cancel by construction. By adopting the background subtraction method, we obtain the finite on-shell actions for extended Einstein-Maxwell-dilaton models. Our method can be easily extended beyond AdS geometries as was done in Ref. [14] , though they are not discussed explicitly in this paper. Section 4 is devoted to conclusions and the future direction.
In Appendix A, we generalize the formulas when some higher form fields exist in arbitrary dimensions. In Appendix B, we provide some details on how to obtain the renormalized on-shell action and the thermodynamic relation using the conventional holographic renormalization and the counter terms.
2
In this section we give the details of our method to obtain the Smarr-like relation of various planar black hole solutions in [16, 14, 15] . We consider the generic Einstein-Maxwell-scalar theory with the action:
where the curvature radius of the asymptotic AdS space is taken as the unity. Despite the fact that we are focusing on the case of a single gauge and scalar fields, it is straightforward to extend to the case of arbitrary number of gauge and scalar fields. One may also note that, in fact, our method can be extended straightforwardly to other asymptotic geometries such as the Lifshitz one [14] . Depending on the symmetry of the full solution, the reduced action may or may not have the scaling invariance. On the planar black holes with full planar symmetry, the reduced action is invariant under rescaling, while on the geometry without full planar invariance, for example, due to the momentum along the plane the rescaling symmetry is broken. In the first subsection, we review the reduced action formalism and the emergence of the scaling symmetry for the system with planar symmetry. In the second one, we consider the case with broken scaling symmetry and explain that the scaling argument is still relevant and useful to reveal the Smarr-like relation.
We would like to emphasize that our derivation of the Smarr-like relation is performed completely in the bulk gravity and does not utilize the thermodynamic relation at all. In the last part of this section, as an application of the Smarr-like relation, we show how to obtain the thermodynamic pressure of the dual field theory system. According to the AdS/CFT dictionary, the bulk black hole configuration can be identified with the boundary thermal state. And then the black hole parameters are identified with the thermodynamic quantities of the dual field theory * . Now, let us assume that the AdS/CMT model is consistently constructed and that the boundary thermodynamic relation holds, for instance, in the form of P + ǫ = µQ + T S. By adopting a specific method to obtain the mass of planar black holes, we show that the pressure expression can be determined from the Smarr-like relation combined with the above thermodynamic relation. In our case, the pressure is nothing but the finite renormalized on-shell action through the AdS/CFT correspondence.
The planar symmetry vs. the scaling symmetry
In this subsection, we consider the case with full planar symmetry and thus take the ansatz for metric, gauge and scalar fields of planar AdS black holes as
where
) denote the spatial coordinates other than the radial one. Under the ansatz, the reduced action of our model can be written as
where all the fields, f, A, φ, a, collectively denoted as Ψ, depend only on the r-coordinate. The associated reduced Lagrangian is given by
where ′ denotes the derivative with respect to the coordinate r and irrelevant total derivative terms have been omitted. Under a generic variation, this reduced action transforms as
where the equations of motions(EOM) of the reduced action is given by E Ψ = 0. We assume that these EOM are equivalent with the full EOM from the original action given in Eq. (1) for our ansatz.
The scaling symmetry and its associate charge
It turns out that the reduced Lagrangian has an accidental symmetry which has nothing to do with the diffeomorphism of the original Lagrangian density. Namely, the reduced action is invariant under the scaling transformation, r → re σ , if all the fields, f, A, φ, a, collectively denoted as Ψ, in the reduced action transform as scalar fields under this transformation. Accordingly, the field variations under the infinitesimal scaling transformation, are given by
and the invariance of the reduced action up to total derivatives is warranted in the form of
which could be understood as the consequence of the measure change under the scaling transformtion. Here, we would like to emphasize that the scaling symmetry is off-shell in the reduced action level, completely independent of the specific solutions, which tells us the possibility to use this formalism in the wide class of solutions including the asymptotically non-AdS spacetime.
Furthermore, it would be useful to note that the specific solution does not need to respect this off-shell scaling symmetry.
By applying the Noether theorem on the scaling symmetry, we find the associated Noether current, or nothing but charge in this case, which is conserved along the radial direction as
By using the EOM, the conserved charge (density) c can be expressed as
Interestingly enough, this radially conserved charge turns out to be related with various physical conserved quantities. In particular, it is related, in a specific gauge, to the black hole entropy at the horizon and the mass and electric charge of the system at the asymptotic infinity. This gives the great opportunity to relate those physical quantities by using the fact that our charge c remains the same along the radial coordinate r. In the various planar black holes studied in [14, 15, 16] , it gives us the Smarr relation among the black hole entropy, the mass and the electric charge.
Comparison at the horizon
The above ansatz of metric and matter fields admits a stationary Killing vector, ξ T = ∂ ∂t , which becomes null at the horizon and is related to the horizon entropy a la Wald [25, 26] . The location of the horizon is determined by the condition f (r H ) = 0, where r H denotes the position of the horizon. One can identify the temperature of these black holes as
while the entropy (density) of the planar black holes in the Einstein gravity is generically given by the area law
Now, let us choose the gauge of the U (1) gauge field A µ in such a way that it vanishes at the horizon i.e. a(r H ) = 0. Then, the radially conserved charge in Eq. (10) becomes, at the horizon,
(13) † As is done in the usual Noether charge method, we set σ = 1 to define the charge in the following.
Therefore, one can immediately identify the charge c at the horizon as the product of the black hole temperature and its entropy as
Comparison at the asymptotic boundary
The relevant physical quantities of the non-rotating black holes defined at the asymptotic infinity are the mass (density), which is the conserved charge for the stationary Killing vector
, and electric charge (density) for the U (1) gauge symmetry. The electric charge (density) Q of the planar black hole can be straightforwardly obtained as a Noether charge for U (1) symmetry or alternatively as the integral of field strength for the gauge field A µ (r). In our setup, it is given by
which can be shown to be conserved along the radial direction by using EOM. It is slightly involved to obtain the finite mass expression of the gravitational system. Here, we briefly present the mass formula obtained in [14] in the context of the quasi-local ADT formalism by using the 'on-shell' scaling path in the parameter path in the solution space (See also [27, 16] ).
The infinitesimal form of the mass expression is given by
where δ, in this particular case, denotes the parameter variation along the 'on-shell' scaling path.
We present the final finite mass expression of planar black holes:
If we consider the asymptotic forms of metric and matter fields for asymptotically AdS space, then they are given by
where ϕ ∞ denotes the minimum of the generic scalar potential V (φ) and µ denotes the chemical potential conjugate to the electric charge Q. All the examples presented in the next section, the finite ADT mass is simply given by
totic behavior of fields is given by
This clearly shows that the relation between the charge c and the mass M and the U (1) charge
Therefore by using the conservation of the charge c along the radial direction we obtain the Smarr relation as
The scaling transformation and the Smarr relation
The emergence of scaling symmetry on the gravitational system with planar symmetry and its deep connection with the existence of the Smarr relation is quite remarkable. One may ask whether it could be extended to the gravitational system without the full planar symmetry.
This would be a relevant question as, in many interesting models in AdS/CMT correspondence, the planar symmetry is often broken by the boundary condition of the scalar and gauge fields to realize some condensates in dual condensed matter system. Surprisingly, we find that one can still use and extend the scaling argument to obtain the Smarr-like relations.
The reduced action with broken scaling symmetry
In order to describe the reduced action with broken scaling symmetry, it is useful to introduce the weight under the scaling transformation. All the fields, f, A, φ, a, behave as scalar fields under the scaling transformation, δ σ Ψ = −rΨ ′ , and thus have the weight ω = 0. Then, as we have seen in the previous section, in order for the reduced action to be invariant under the scaling transformation, the Lagrangian should have the weight ω = −1 as
On the other hand, if asymptotic values of the scalar and gauge fields are non-trivial, the reduced action would contain pieces with different weights under the scaling transformation. Specifically, one may decompose the reduced Lagrangian with respect to the weight ω as
For instance, we may add a massless free scalar field of the configuration as
in order to realize a relaxation of the planar symmetry in the dual theory. In this case, the lack of the planar symmetry breaks the scaling symmetry. Indeed, the additional kinetic term of the scalar field becomes
in the reduced Lagrangian, which has weight ω = −3. Furthermore we may allow the various fields to depend on the spatial coordinates in such a way that their explicit coordinate dependence does not appear in the reduced Lagrangian.
The Smarr-like relation with broken scaling symmetry
In general the variation of the Lagrangian under the scaling transformation becomes
and therefore the variation of the reduced action under the scaling transformation can be expressed as
On the other hand, by using the formula for the variation of the action under the generic field variation, the scaling transformation of the reduced action can also be expressed as
By identifying these two expressions on the variation of the reduced action, (24) and (25), one can verify that the current, c(r), defined in (9), satisfies
where we have used the on-shell condition E Ψ = 0. Surely, the non-vanishing right-hand side tells us that the scaling symmetry of the reduced action is broken and now the current is no longer conserved along the radial direction. Nevertheless, we can still introduce c(r) as the charge function of the radial coordinate r and integrate (26) to obtain ‡ c(r) − c(r H ) = 1 16πG
‡ An alternative derivation of the Smarr-like relation for the system without the full planar symmetry was given in [15] . Both descriptions are consistent and give the same results.
which is one of our main results and would give us a useful information in the holographic models. One nice aspect of the Smarr-like relation is that it gives a very useful criterion to check the consistency of numerical results, when it is not easy to obtain analytic solutions.
Our current/charge function is reminiscent of the axial current in the chiral gauge theory, which is broken explicitly whenever the fermion field has non-vanishing mass and yet is still useful despite its non-conservation. The above relation, which we call the Smarr-like relation, would give us the relation among the entropy, the mass and the external field hairs of black holes after matching the charge function c(r) with those conserved charges in black hole solutions. In some cases, this matching might be made model-independently by using the 'on-shell' scaling path in the solution space as was given in the previous section through the quasi-local conserved charge formalism [28, 29, 30, 31] .
We would like to emphasize that the charge function depends on the gauge choice but the result from the Smarr-like relation is independent of the specific gauge choice [15] . By using the boundary condition at the horizon r = r H described earlier, one can see that in Einstein gravity the charge function is directly connected with the entropy, just like the case with planar symmetry, as
The value of the charge function c(r) at the asymptotic infinity could be related to the mass and, if exist, U (1) charges of the planar black holes, once again as in the case with full planar symmetry. However, contrary to the case of the full planar symmetry, the matching of charge function c(r → ∞) with mass or U (1) charges would be somewhat delicate, since c(r) may contain the divergent expression as r goes to infinity. This behavior of c(r) can be inferred from the Smarr-like relation in Eq. (27) as follows. As is well-known, the on-shell action value in the asymptotic AdS-geometry diverges. Therefore, we immediately see that the right-hand side of the Smarr-like relation in Eq. (27) would become divergent generically as r goes to infinity. By subtracting the divergent part consistently in both sides of the equality in Eq. (27) , one can relate the mass and U (1) charge of planar black holes with the value of charge function c(r) at infinity and then, the final expression would look like the relation among conserved quantities.
This consistent subtraction may be achieved, for instance, by the background subtraction § in the bulk computation, which corresponds to the specific holographic renormalization scheme.
As is clear from the rewritten expression of Smarr-like relation in the form of
§ Though the background subtraction method produces a physically sensible result in many cases, there are some cases in which the background subtraction does not give a unique answer or it cannot be used [32, 33] . Our adoption of the background subtraction is just for convenience, not essential in our argument. We leave other choices of the consistent subtraction as our future works.
one can see that the combination of the right-hand side should be finite and independent of the renormalization scheme.
The implication of the Smarr-like relation to the dual boundary theory
Now, we apply our Smarr-like relation to holographic systems and reveal its implication in the thermodynamics of the dual systems. Since our holographic models are supposed to describe the homogeneous systems, their grand potential, W, in the dual field theory is equivalent to the pressure: P = −W. In our cases, the grand potential is given by
where µ, Q, T and S denote the chemical potential, the charge, the temperature and the entropy of the dual boundary system, respectively. According to the AdS/CFT correspondence, these correspond to the chemical potential µ, the U (1) charge Q, the black hole temperature T H and the entropy S of bulk planar black holes, respectively. The computation of the energy, ǫ, of the dual boundary system typically involves non-trivial renormalization scheme with counter terms.
As the counter terms depend not only on the Lagrangian but also on the boundary conditions of the background fields, the determination of the counter terms is very difficult and tedious part in the computation. On the other hand, from the AdS/CFT correspondence the energy ǫ of the dual boundary system corresponds to the ADT mass M of bulk planar black holes which can be straightforwardly computed by utilizing the simple background subtraction method.
By using the expression in Eq. (29), we now reveal the implication of our novel Smarr-like relation to the dual field theory. In the context of the AdS/CFT correspondence, the grand potential is nothing but the renormalizd on-shell action: T H I ren on−shell = W = −P. Hence, one can see that
where M , Q and µ are obtained from the bulk computation as in [25, 26, 34, 28, 29] through the background subtraction method. This explicit expression of the finite on-shell renormalized action is another main result in this paper. Namely, it could be regarded as an efficient way to obtain the holographic renormalized action in the dual field theory. This bulk computation would be related to a scheme in the holographic renormalization. Nevertheless, with the AdS/CFT correspondence, we do not need to know the details of the scheme. In particular, we do not need to bother to construct various counter terms which are needed to cancel the divergences from planar symmetry breaking terms in the Lagrangian:
| on−shell . Some specific examples are presented in the next section. Our results are checked and confirmed by using the conventional counter term method in Appendix B. Through the given ex-amples, one may see the effectiveness of our approach in these specific quantities in AdS/CMT models.
Application to holographic models
In this section we would like to see the implication of our results concretely. To this purpose, we will focus on the examples in the asymptotic AdS 4 space, whose dual field theory describes three-dimensional system.
Comparison to known results
Let us consider a holographic model describing a dual CMT in the form of
where the massless scalar fields ϕ I and the F ∧F-term are introduced for a momentum relaxation and a nontrivial magnetization [35] , respectively. The complex scalar field ψ is introduced to describe scalar condensates. The mass operators for the metric are given by U 1 = K µ µ and
and f µν is the reference metric given by a diagonal matrix with eigenvalues, (0, 0, 1, 1) [9] .
With the metric ansatz in Eq. (2), we take the gauge field and the scalar fields as follows:
where the parameters H and β denote the external magnetic field and the strength of the momentum relaxation in the dual field theory system, respectively. Note that the phase for the complex scalar ψ is taken trivial. Taking all the ingredients into account, we arrive at the reduced action which can be divided into the "invariant" sector L [−1] and the "broken" sector
under the scaling transformation as follows:
Spontaneously magnetized system: (ψ(r) = m 1 = m 2 = 0)
The first class of models depicts magnetized systems with the external field. This case covers various AdS/CMT models and was studied in [36, 13, 37, 35] . Note that the dual system has nontrivial magnetization even without the external field. It is straightforward to obtain the expression of the charge function c(r) as
The analytic AdS 4 black hole solution to EOM has been obtained in [?] and the relevant functions are given by
where the U (1) charge is defined by
In this case, our Smarr-like relation in Eq. (29) tells us that
where the black hole mass M = m/(8πG) is identified by using the ADT method. At this point, we would like to show the cancellation of the divergence between two terms in the right-hand side of the equality in Eq. (29) . The explicit forms of divergences of both terms are given by
Indeed, the leading divergent terms cancel each other and thus the Smarr-like relation becomes the following form:
where MH is the magnetic subtraction term and M β β is the similar subtraction term from the external axion field [35, 38] . The magnetization and the response to an external field β can be read off as
which is the same expression as the one obtained by a holographic renormalization method in [13] . We present the brief summary of the holographic method in Appendix B, which shows the efficiency of our approach by the Smarr-like relation.
Massive gravity models for holographic lattice: (ψ(r) = β = q ϕ = 0)
The second example is a phenomenological model in which the graviton masses describe effectively a lattice structure in the dual system [9, 39] . This model admits an analytic solution [9] :
By the general procedure in the previous section, the corresponding charge function is easily obtained as
The charge function becomes divergent near the boundary as follows:
which is canceled with the other term as in the previous example.
By plugging the above solution to Eq. (44), the Smarr-like relation together with our general formula in Eq. (31) leads to
The last two terms of the pressure can be interpreted as the contributions from the holographic lattice [40] . In this case, the mass of the planar AdS 4 black holes is also computed as M = m/8πG. Even though the Lagrangian parameters m 1 and m 2 are taken as transforming parameters in the on-shell parameter variation path, one can still show that the same expression of the mass M = m/(8πG) is obtained. Our approach does not have the ambiguity as in [41, 42] , which comes from the choice of counter terms.
Modified holographic superconductor : (m
charged scalar hair, ψ(r). This covers the models for superconductor transition in [43, 44, 45, 46] .
In this model the charge function c(r) is given by
The Smarr-like relation in the Eq. (27) becomes
where the charge function behaves near the boundary as
The divergence in this case is also canceled by the divergence from the right-hand side in Eq. (48) .
By using boundary expansions of the fields as the Eq. (18), agreed with those in [45] , and using the general formula in Eq. (31), we arrive at
where the last term in the right-hand side gives pressure coming from interaction between the superfluid degrees of freedom and the impurity or a lattice effect described by the axion. This is completely matched with the on-shell action in [45] through the holographic renormalization.
In all the examples given in this section, our general formula for the on-shell renormalized action in Eq. (31) gives the same expression as the one obtained from holographic renormalization. See Appendix B for some details of the holographic renormalization approach. One may note that in our formalism we do not need any explicit expression of counter terms in contrast to the holographic renormalization approach.
On-shell action for a general class of relaxed Einstein-Maxwell-dilaton theories
In this section, let us consider a holographic model which describes the metal insulator transition [10, 7] . We start with the following action:
We take scalar field as φ = φ(r) and ϕ I = (β 1 x, β 2 y) with the same ansatz (2) and (33) for the metric and gauge fields. We assume that the geometry is an asymptotically AdS space, thus V (φ) → −6 as r → ∞. By following the same procedures given in the previous section, one can construct the reduced action and find the charge function and the Smarr-like relation.
Finally, we find the on-shell renormalized action as follows:
As a by-product, one can easily read off the magnetization, M = − 
Conclusion
It has been known that the reduced action, which describes some specific sector of the original action, may have an accidental symmetry which has nothing to do with the original symmetry.
Interestingly, this symmetry of the reduced action may be related to the on-shell symmetry or not. In the context of the planar black holes considered in our paper, we have introduced the 'scaling symmetry/transformation' and found its consequences. By using the 'scaling symmetry/transformation' of the reduced action, we have obtained the novel Smarr-like relation in a generic model in the bulk gravity. In various holographic models, we have checked that our results are completely consistent with known ones and showed its effectiveness. Furthermore, our results explain the origin of the observed identity among physical quantities, which was found empirically in some specific AdS/CMT models without noticing its universal nature.
We would like to emphasize that all the results in our method are obtained solely from the bulk computation, which does not require any boundary counter term subtraction, except the conventional background subtraction. As is shown by the comparison with the holographic stress tensor computation, our method gives us the thermodynamic relation and the on-shell renormalized action in a universal way. It would be interesting to extend to our interpretation in a more generic way by using the direct correspondence between the bulk quasi-local ADT potential/charge and boundary ADT current/charge [31] . Another interesting direction is to investigate the relation of our study to the extended Smarr-like relation through the variation of the cosmological constant [47] . It would also be interesting to extend our results to more general cases, for instance, inhomogeneous systems. For future reference in this direction, we provide some formulae in Appendix A.
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Appendix

A. Generic model in D-dimension
In this appendix, we present a general model in D-dimensions, which describe a (D − 1)-dimensional holographic condensed matter system. Explicitly, we consider the action which is taken in the form of
where the Lagrangians for various fields are given by
where D µ denotes the gauge covariant derivative defined by D µ = ∂ µ − iq ψ A µ and q IJ are constants. Here, F = dA and H = dB denote the 2-form and (D − 2)-form field strength, respectively. Note that the U -term in L g depends on the metric, not on the derivatives of the metric, and so breaks the general covariance.
Using the ansatz for the metric in Eq. (2) with a constant parameter H, one obtains the reduced action as
Note that the total derivative terms in the reduced action are irrelevant, and so are omitted in the above. It is straightforward to obtain the charge density function c(r, x) under the scaling transformation, whose explicit form is given as follows:
where we have used E Ψ = 0 in order to eliminate the scalar potentials V ϕ (ϕ) and V φ (|φ| 2 ). In the case of D = 4, this charge function reproduces results in the section 3 .
B. Holographic renormalization method
In this section we summarize a method to obtain the on-shell action and the Smarr-like relation through the institutive holographic renormalization [48, 49, 50, 51] . We consider two examples in Sec. 3. The first example admits an analytic solution while the other has a numerical solution.
B.1. Spontaneous magnetized system
In this section, we summarize the holographic method for the spontaneous magnetized system [13] . As is analyzed in Sec. 3, this system has an analytic solution written in Eq. (37) . In this case we have to consider two kinds of boundary actions such as the Gibbons-Hawking and the counter terms obtained by the holographic renormalization procedure [49, 50, 51] .
The total renormalized action is given by I ren = I bulk + I GH + I counter and the bulk action Using this formula and the boundary expansion of the fields, we compute the holographic energy, ǫ = T 00 = 2m .
(B.14)
To check the Smarr-like relation ǫ − T H S − µQ = −P, we have to solve the equation of motion by a numerical shooting method. In such a method, values and derivatives of the fields at the horizon can be regarded as the initial shooting parameters which are encoded in S and T H .
On the other hand ǫ, µ and Q can be read off from the boundary behaviors of the numerical solution. In addition the pressure needs a numerical integration using the solution. Therefore, our analytic derivation of the Smarr-like relation is very useful to check the numerical approach.
